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Abstract

In a previous paper, Kiani et al. [Kiani, S., Pan, J., Yeomans, J. A., Barriere, M. B. and Blanchart, P., Finite element analysis of sintering deformation
using densification data instead of a constitutive law. J. Eur. Ceram. Soc., 2007, 27, 2377-2383] proposed an empirical numerical method to calculate
the sintering deformation of ceramic powder compacts without knowing the viscosities and sintering potential. The method was validated by free
sintering experiments using specimens with non-uniform initial densities. Two new developments are reported in this paper: (a) a method of error
estimation is developed which can be used to check if the empirical analysis is valid after the analysis; (b) a range of case studies are presented
showing that the empirical solutions provide very good approximations to the solutions obtained using full constitutive laws not only for free
sintering but also for highly constrained sintering of single- or multi-layered films.

© 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

A modelling capacity to predict the sintering deformation of
ceramic powder compacts is very important to ceramic manu-
facture. In theory, the finite element method (FEM) can be used
to calculate the sintering deformation. In practice, the method
has not been used very much by the ceramic industry for a very
simple reason—it is often more time consuming and expensive
to obtain the material data required by a finite element analysis
than to develop a product using the trial-and-error approach. Just
as an elastic stress analysis needs to know Young’s modulus and
Poisson’s ratio of the material, a finite element analysis of the
sintering deformation requires the shear and bulk viscosities of
the powder compact as the input, which are defined through a
so-called constitutive law:

Sij 0
&ij = ﬁ + ﬁb‘u + Eexpdi, M
in which &;; is the strain rate, s;; and oy, are the deviatoric and
mean stresses, d;; is the Kronecker delta function, ns and ng
are the shear and bulk viscosities, and &y, is the free shrinking
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rate of a uniform powder compact when it is unconstrained and
unstressed. The simplicity of Eq. (1) is deceiving because the
two viscosities are strong functions of temperature, density and
grain-size, all of which change dramatically during the sintering
process. There are two approaches to establish the dependence
of the viscosities on the microstructure: (a) using a material
model; (b) directly fitting the experimental data. The predic-
tions by the various material models are so diverse that it is
very difficult to know which one to use.! Directly measuring the
viscosities has been done by several research groups. For exam-
ple, Bouvard’s group at Grenoble developed a dilatometer-based
technique > while Raether’s group at Wurzburg developed an
optical-based technique.> The measurement is however full of
pitfalls. A force has to be applied to the fragile sample at ele-
vated temperature. This very force can alter the microstructure
and lead to a viscosity of an unwanted microstructure.

In a previous paper, Kiani et al. © showed that it is possible to
calculate the sintering deformation without knowing the shear
and bulk viscosities. They showed that a finite element solution
to the following problem:

[ @ = gt 32 av =0, @)
\%4
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subjected to the boundary conditions provides a very good
approximation to the full solution. Here 8¢;; represents the vir-
tual variation of the strain rate. The integration is over the entire
volume of the sintering body, V, which is known as the current
configuration distinguished from Vj, known as the initial volume
of the green body. In later discussions, this method is referred
to as the densification-based finite element method or DFEM.
The only material data required by the DFEM is the free shrink-
ing rate of the material, £cxp, which is relatively easier to obtain
experimentally than the viscosities. Eq. (2) attempts to match
the actual strain rates, &;;, with the free shrinking rate, £exp, and
satisfy the equilibrium, compatibility and boundary conditions
at the same time. Kiani et al. ¢ validated the method by free
sintering experiments using specimens with non-uniform initial
densities. However as an empirical method the uncertainty that
its prediction may or may not be valid for a particular case is a
major concern. The first objective of this paper is to present a
method to estimate the error of the empirical analysis. The error
estimation provides a necessary condition for the validity of the
DFEM, i.e., a large error means that the empirical calculation is
definitely invalid. If the error is small, then one should trust the
DFEM with the same confidence as one would do for a finite
element analysis using a full constitutive law. The second pur-
pose of this paper is to present a series of case studies for highly
constrained sintering. Constrained sintering is a relatively new
industrial practice which is being used to fabricate multi-layered
ceramics, piezoelectric films and protective coatings. A single
layer or several layers of powder material is applied onto a sub-
strate using techniques like inkjet printing, sol-gel process or
dip coating. The system is then placed under elevated temper-
atures to cause it to consolidate. During sintering, the porous
layer or layers tend to shrink while being restricted by each
other and by the substrate. Taking a multi-layered fuel cell as
an example, it has a complex structure comprising several lay-
ers of different ceramic materials that have varying degrees of
porosity. The central electrolyte layer needs to be impermeable
to the fuel and oxidant gases. The outer layers, the cathode and
the anode, and the associated current collecting layers, need to
be porous to allow the gases to reach their respective interfaces
with the electrolyte and react. It is very important to control the
sintering process so that the correct porosity is achieved for each
layer and to ensure that the system is crack free. Because too
many variables are involved in such sophisticated systems, it
is very difficult to optimize the material and processing param-
eters using trial-and-error experiment. On the other hand it is
practically unattainable to obtain full constitutive laws for each
layer of different ceramic powders in order to carry out a finite
element analysis. For such systems, the empirical method pre-
sented here provides an effective means for a proof of concept
analysis.

2. Error estimation for the DFEM

The DFEM is a reduced format of the standard finite element
method. The validity of the DFEM can be checked by comparing
the predictions by the DFEM using Eq. (2) with those by the
FEM using a full constitutive law (Eq. (1)) as reported by Kiani

et al.® However, this comparison assumes that a full constitutive
law with all its parameters is available. The purpose here is to
develop a method of posteriori error estimation so that one can
judge if a DFEM solution is valid or not without knowing the
constitutive law.

The linear constitutive law of Eq. (1) can be re-written into
an inverse form:

0ij = Ak dij + 2nséij — 3NBéexpdij 3

in which A =np — 2ns/3, known as Lame constant, and &g is
the volumetric strain rate. When no external force is applied, the
virtual power principle states that

/ 0ij6¢;;dV = 0. “4)

v

Substituting Eq. (3) into Eq. (4) gives

| 20ttt 020V [ heu=3teg) S0k aV=0. (5
v v

which can be rewritten into a similar format as that given by Eq.

Q):

/ 2ns (£ij — Eexpdij) 8£i; AV =0 (6)
v

in which

g‘exp =(- g)éexpa )
where

_ X Epk — Béexp

= 8
s ®)

3éexp

In the empirical method 5y in Eq. (6) is assumed to be uniform
over the entire sintering body. Under this assumption, if either
A=0o0r &y = 3éexp, then ¢ =0and the DFEM formulation of Eq.
(2) would be exactly valid. This strict condition can be relaxed
into an integration form:

1 /1 ,
eave(t) = ;/0 <V/v|§|dv> dr’ =~ 0. )

If the above condition is invalid but ¢ is more or less uniform
inside V at each time step, then the velocity field predicted by
the DFEM would differ from that predicted by Eq. (1) by a
scaling factor. In this case the DFEM and the FEM with a full
constitutive law still predict the same final deformation although
there will be a time lag between the two solutions. Therefore a
condition for the DFEM to predict the correct final deformation

can be given as
®) ]/t : / : / dv 2dV
(4 = - —_— —_—

When using DFEM, X and 5 are unknown hence there is a prob-
lem to evaluate the integrations (9) and (10). Considering two
frequent cases of constrained sintering in a three-dimensional
Cartesian coordinate system: in case 1 the material is constrained
only in one direction and free to sinter in the other two perpen-
dicular directions (i.e., £11 = 0 and 09> =033 =0) and in case 2

dt’ ~ 0. (10)
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the material is constrained in two perpendicular directions and
free to sinter in the remaining direction (i.e., €11 = &2 = 0 and
033 =0). Using Eq. (3) the exact volumetric strain rate can be
calculated as
3+ 2(ns/ )»)é
sexact _ 1+ (ns/A)
kk 3+ 2(ns/2), ’
—————exp, cCase2
L+ 2(ns/2)

while the DFEM gives

exp,  Case 1

11

case 1
(12)

case?

SDFEM _ 2éexp,
éexp,

The DFEM would be exactly correct if A is very small. If A is
not small, it can be shown that

51 = Btenp ~ Dim 2> (6™ — 3ierp) (13)
in which
. 1, casel

Dim = . (14)
2, case?

Substituting Eq. (13) into Eq. (8) gives
3 ¢DFEM _ 3.

¢ ~ Dim 2 Sk~ 2¢exp (15)
2 3éexp

In a general case of constrained sintering, the actual constraint
condition is close to either case 1 or case 2 according to the
principle values (eigen values) of éEFEM. If a principle value
of SBFEM is much smaller than éep, then the corresponding
direction of the principal strain rate should be considered as
constrained. In fact we are only interested in whether any of
the two integrations given by Egs. (9) and (10) is close to zero.
The expression for ¢ given by Eq. (15) can be used in Egs. (9)
and (10) to determine if a DFEM calculation is (a) valid for the
temporal evolution of the sintering deformation (if eaye = 0), (b)
valid for the final deformation (if e,y >> 0 but ey, 2 0), or (c)
completely invalid (if eaye > 0 and eyyr > 0).

3. Numerical case studies of DFEM

If a full constitutive law with all its parameters is available,
then the free shrinking rate e, can be calculated from the con-
stitutive law. One way to test the DFEM is to compare the
DFEM solution obtained using such calculated éexp with the
finite element solution obtained using the full constitutive law.
Such comparisons were made for free sintering cases by Kiani
et al.® In the current paper, we present more case studies for
constrained sintering. Two constitutive laws are used to test the
DEFM for two different sintering mechanisms. The first one is
the constitutive law developed by Du and Cocks ’ for alumina
powder compacts which sinter by solid-state diffusion:

, g0 (do\> /3
£ = 0—2 (;) (2c<D> sij + 3f(D) (om — os)a,-j) (16)

Table 1

Parameters used in the constitutive laws

oo (MPa) 3.33
&0 (x1074s7) 4.53
do (x10719ms—1) 7.48
oy (MPa) 1

in which dp and d represent the initial and current grain-size,
respectively, &g is the strain rate experienced by a fully dense
material of grain-size dy at a constant uniaxial stress o, and the
two functions ¢ and f are dependent on the initial and current
relative densities, Dy and D:

0.54(1 — Dy)?
o D=0
sy =g D00 (17
Q’ D> 0.95
D
and
1.08(1 — Dy)?
[EEY.
«py={ PD- IDO) (18)
D> 095

1 —2.5(1 — D)*3°

In this model, Possion’s ratio is zero (or A =0) if the relative
density is smaller than 0.95, which means ¢ =0 and the DFEM
should be valid until the relative density reaches 0.95. Du and
Cocks also suggested the following law for grain-growth ’:

(do/d)?

The parameters in Eqs. (16) and (19), i.e., o9, o, dp and o, used
by Du and Cocks 7 are provided in Table 1 which are used in
this paper. The free shrinking rate &exp from the Du and Cocks
model can be calculated as

. b0 (do }
gexp—_300<d) f(D)os. (20)

The second constitutive law used here is that developed by
Olevsky ® which is give by

, Sij Om Os
b= — 4 S — 2 8. 21
0= o T 3 T B Y 21
Y Dy=0.64
Sym. : L2000 Dy=0.57

Fig. 1. Case study A—a film consisting of two perfectly bounded porous layers
of different initial densities is sintered as the temperature rises from 30 to 1000 °C
and is held at 1000 °C. Only half of the problem is modelled due to symmetry.
The plane stress condition is assumed.
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in which
ns = D*1o (22)
and

. 2D? 3
B = 31— D)no~

Egs. (22) and (23) lead to an expression for the viscous Possion’s
ratio of v=(3D — 1)/(3D + 1), which takes the value from 0.315
to 0.5 as the relative density varies from 0.64 to 1. Therefore
Olevsky’s constitutive law certainly violates the condition of
A =0. The free shrinking rate £exp corresponding to Olevsky’s
constitutive law is simply given by
Os

3np

The sintering stress oy is taken as 1 MPa in all the following case
studies.

(24)

éexp = -

3.1. Case A: sintering of a bi-layer film

First we consider the sintering of a film consisting of two
porous layers of different relative densities of 0.64 and 0.57,
respectively, as shown in Fig. 1. Each layer has a uniform mate-
rial property and the two layers have the same thickness. The
sintering temperature is raised from 30 to 1000 °C during a time
period of 300s in the case of solid-state sintering (the Du and
Cocks model) and 600s in the case of viscous sintering (the
Olevsky model), and then held at 1000 °C. In this case study the
parameters &g and 7g in the two constitutive laws are taken as

—350/8.31447 T
fo(s1) = 4.53 x 10-4 _XP(=330/ ) (25)
exp (—350/8.31447 Tiax)
and
350

Pas) = 5.0 x 107/ . 26
o (Pas) * e ( 831447 T) (26)
Sym. I

E —— DFEM
e Full constitutive law (Du-Cocks)
0.006
t=500s

0.005 4
0.004
0.003
0.002 4
0.001
0.000 ==

0.000 0.002 0.004 0.006 0.008 0.010

Fig. 2. Comparison between the DFEM and full FEM solutions for case study
A at different times of sintering for solid-state sintering using the constitutive
law due to Du and Cocks.”

sym. ! —— DFEM
4 ~——— Full constitutive law (Olevsky)

0.007

0.006

0.005 4

0.004 4

0.003 4

t=550s

Green body

T T T

T f f 1
0.000 0.004 0.006 0.008 0.010

0.002

Fig. 3. Comparison between the DFEM and full FEM solutions for case study
A at different times of sintering for viscous sintering using the constitutive law
due to Olevsky.?

in which T,y is the holding temperature. During sintering the
film warps to form an arc-shape because the two layers have
different shrinkages. This is a very sensitive case—small defor-
mations accumulate to give a large deflection at the free end
of the film. In the numerical analysis, a small difference in the
velocity field can therefore lead to a large difference in the dis-
placement at the free end. The case is an ideal benchmark to test
the validity of the DFEM. In the finite element model, the prob-
lem is treated as a plane stress problem and a total number of
200 eight-noded quadratic elements are used for half of the film
due to symmetry. Fig. 2 shows the comparison between the finite
element solution obtained using the constitutive law by Du and
Cocks and the corresponding DFEM solution. Fig. 3 shows the
comparison between the finite element solution obtained using
the constitutive law by Olevsky and the corresponding DFEM
solution. It can be observed from the two figures that the DFEM
works so well that the difference between the two solutions is

0.06 DFEM (Du and Cocks model)

......... DFEM (Olevsky model)

0.05 4

0.04+

ea ve

0.03+

0.02+4

0.014

0.00

—t - T I - T 1Tr 1T 1T 1T 717 1
0 100 200 300 400 500 600 700 800 900 1000
time (s)
Fig. 4. The error estimator, e,ye, as functions of time for the cases shown in

Figs. 2 and 3. The small values of e indicate that the DFEM is valid for the
entire shape evolution for both cases.
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L=20h Dy—0.64

substrate
rigid substrate and sintered at a constant temperature. The plane strain condition
is assumed (no shrinkage normal to the paper).

difficult to discern. A locally enlarged comparison is therefore
provided in Fig. 3 at r=600s. Fig. 4 shows the values of the
error estimator, e,ye(?), as functions of time for the two cases. It
can be seen that the good agreement between the DFEM and the
FEM solutions is reflected by the error estimator. It is interesting
to note that the DFEM works well even for the viscous sintering
case as A is far from zero in this case.

3.2. Case B: sintering of a single layer of thin film on a
rigid substrate

Next we consider a single porous layer perfectly attached
to a rigid substrate as shown in Fig. 5. In the finite element

model a total number of 108 eight-noded elements were used
for half of the film and a plane strain condition is assumed to
simulate surface coating. Constant values of 79 =1.0 x 103 Pas
and &9 = 4.53 x 10~*s~! were used in this case study. Fig. 6
compares the DFEM solution with the full finite element solu-
tion for (a) Du and Cocks model without grain-growth, (b) Du
and Cocks model with grain-growth and (c) Olevsky model.
The initial profile of the film (green body) is shown using the
dashed lines. The sintering times at which the comparisons
are made are chosen such that the same material in free sin-
tering would have reached the full density. In the case with
grain-growth (Fig. 6(b)), the grain-size increased from the ini-
tial 0.3 to 0.9 wm at the time of the comparison. It can be
observed from Fig. 6 that the DFEM and the FEM solutions
agree very well with each other for all the three cases. How-
ever, the DFEM works less well when the two solutions are
compared at an intermediate sintering time of =600 s as shown
in Fig. 7. Again this is reflected in the values of the two error
estimators. The values of e,y for the two cases are about 1.8.
However the value of ey, is small for both cases as shown in
Fig. 8 . This indicates that the DFEM should be valid for pre-
dicting the final deformation but less accurate to predict the
intermediate deformation, in agreement with what is shown in
Figs. 6 and 7.

sym.
—— DFEM
(a) ----==-= Full constitutive law (Du-Cocks)
005 esscorimsinmssonsiscsiossinmsneissss smssissaivssssasinssinseiicasisasss e OTEED DOAY
1=500s, without grain-growth
0.001 4
0.000 T T T T =
0.000 0.002 0.004 0.006 0.008 0.010
sym
(b) —— DFEM
=== Full constitutive law (Du-Cocks)
00012 2t e S T s e st e GTROND0AYE
1=500s, with grain-growth i
0.001 4
0.000 T T T \
0.000 0.002 0.004 0.006 0.008
sym
(c) —— DFEM
H = Full constitutive law (Olevsky)
0.002 4 _Green body
1=1000s
0.001 4
0.000 T T T T |
0.000 0.002 0.004 0.006 0.008 0.010

Fig. 6. Comparison between the DFEM and FEM solutions for case study B assuming: (a) solid-state sintering using the constitutive law due to Du and Cocks ’
without grain growth, (b) solid-state sintering using the constitutive law due to Du and Cocks 7 with grain growth, and (c) viscous sintering using the constitutive

law due to Olevsky.®
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—— DFEM

1=0600s

Full constitutive law (Olevsky)

Green body

T T
0.002 0.004

T
0.006

T 1
0.008 0.010

Fig. 7. Comparison between the DFEM and FEM solutions at an intermediate sintering time for case study B assuming viscous sintering using the constitutive law

1936
sym
0.002 -
0.001
0.000
0.000
due to Olevsky.®
2.0

(C))

—— DFEM (Du-Cocks model)

0.6
—————— DFEM (Olevsky model)
0.4
0.2
OO T T T T T T T T T 1
0 100 200 300 400 500 600 700 800 900 1000
time (s)

0.06 -

(b) —— DFEM (Du and Cocks model)

---------- DFEM (Olevsky model)

0.054

0.02 4

0.014

0.00

T T T T T T T T T 1
0 100 200 300 400 500 600 700 800 900 1000

time (s)

Fig. 8. The error estimators, e,y and ey, as functions of time calculated from
the DFEM solutions shown in Fig. 6(a) and (c), respectively. The relatively
large values of e,y and small values of ey, indicate that the DFEM solutions
are accurate in predicting the final deformation but less accurate in predicting

the intermediate deformation.

I< L=2h ;I SN 0y 0.64
\\%\\.{\ h=10mm
MM

Fig. 9. Case study C—a heavily constrained case in which the upper and lower
boundaries are completely fixed and the plane strain condition is enforced. Only
the left and right boundaries can deform.

0.010

i DFEM

""""" Full constitutive law (Olevsky)
0.008
(a) b
0.006 i
0.004 i
0.002 4
0.000 T T T T T T T T —
0.000 0.002 0.004 0.006 0.008 0.010
0.010
DFEM

1 ---me Full constitutive law (Olevsky)
0.008 — (b)
0.006

) { t=1000 s
0.004 — iy
0.002
0.000 r I r . r I . . ; .

0.000 0.002 0.004 0.006 0.008 0.010

Fig. 10. Comparison between the DFEM and FEM solutions for case study C
at (a) r=100s and (b) =1000s. Olevsky’s constitutive law 8 was used in this
case study.
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3.3. Case C: sintering between two rigid constraints

We would like to find a case in which the DFEM is com-
pletely invalid. Fig. 9 shows a severely constrained case in which
the upper and lower boundaries of a rectangular porous sam-
ple are completely fixed. A plane-strain condition is enforced
so that there is no shrinkage normal to the paper. Only the
left and right boundaries are free to deform. The dimensions
and the initial density of the sample are shown in the figure.
The problem is analysed firstly using Olevsky’s constitutive
law with ng=1.0 x 108 Pas and o = 1 MPa, and then using the
reduced method. Fig. 10 shows the comparison between the
two solutions at = 100s (Fig. 10(a)) and =1000 s (Fig. 10(b)),
respectively. It is worth to note that the material would have
reached its full density at £=1000s if it was sintered freely. It
can be seen that the DFEM solution significantly lags behind
the full solution but still approaches the full solution as sin-
tering proceeds. The two solutions would finally converge

1.8i (a)
1.6—/

ave
-
o

1

0.8
0.6
0.4

0.2 4

0.0 ¥ T ¥ T T T Y T 4 1
0 200 400 600 800 1000
time (s)

0.25-
(b)

0.20

0.15

evar

0.10

0.05

0.00 T T T T T T T T T 1
0 200 400 600 800 1000
time (s)

Fig. 11. Error estimators, ezve and eyqr, as functions of time calculated from
the DFEM solution shown in Fig. 10. The relatively large values of egye show
that the DFEM solution is poor in predicting the intermediate deformation. The
reasonably small values of ey, indicate that the DFEM can predict the final
deformation fairly well.

if the simulation is further continued. This behaviour of the
DFEM solution is clearly reflected by the values of the two
error estimators, eave and eyyr, as shown in Fig. 11(a) and
(b). The value of e,y is large indicating that the DFEM solu-
tion differs from the full solution at the intermediate stage of
sintering, but the value of ey, is relatively small indicating
that the two solutions converge as the sample continue to sin-
ter.

3.4. Case D: sintering of triple layers of thin film on a rigid
substrate

Finally we present some sophisticated cases of three layers
of porous films perfectly bounded to each other and to a rigid
substrate as shown in Fig. 12. The total thickness and width of
the films are the same as those in case B. The top and bottom
layers are taken as the same material while the middle layer
has a different initial property. Three different cases are consid-
ered as shown in Fig. 12: (a) the middle layer has a high initial
density; (b) the middle layer has a low initial density; (c) the
middle layer has a different initial grain-size. Constant values
of np=1.0 x 108 Pasand &y = 4.53 x 10~* s~ ! are used in this
case study. Fig. 13 compares the full finite element solutions
with corresponding DFEM solution for five different cases. Fig-
ures (a—c) in Fig. 13 correspond to cases (a—c) shown in Fig. 12.
Figures (d) and (e) correspond to cases (a) and (b) in Fig. 12.
The times of comparison are chosen such that the layer with
the lowest initial density would have reached full density in
free sintering. It can be seen that in all the cases, the DFEM
and the full solutions are in fairly well agreement for all the
cases.

(a) S Dy=0.64
Dy=0.45

substrate

(b) NN Dp=0.64
Dy=0.45

AR RN RN RN RN

NN NN
substrate

© Ry=0itim
3 Re=0.3um

substrate

Fig. 12. Case study D—three different triple layers of films on a rigid substrate
are sintered at a constant temperature. The plane strain condition is assumed.



1938

R. Huang, J. Pan / Journal of the European Ceramic Society 28 (2008) 1931-1939

sym.
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Full constitutive law (Du-Cocks)
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sym.
—— DFEM
(C) Full constitutive law (Du-Cocks)
Green body
0.002 4 . —
1=300s, with grain-growth
0.001 A
0.000 T T T T Y
0.000 0.002 0.004 0.006 0.008 0.010
sym.
(d) —— DFEM
Full constitutive law (Olevsky)
0002 emmm peeonbody... :
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0,001 e
0.000 T T T T i
0.000 0.002 0.004 0.006 0.008 0.010
sym
(e) — DFEM
—— Full constitutive law (Olevsky)
0,002 L .
t=800s
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0.000 0.002 0.004 0.006 0.008 0.010

Fig. 13. Comparisons between the DFEM and FEM solutions for case study D: (a) case shown in Fig. 12(a) assuming solid-state sintering; (b) case shown in
Fig. 12(b) assuming solid-state sintering; (c) case shown in Fig. 12(c) assuming solid-state sintering with grain growth; (d) case shown in Fig. 12(a) assuming viscous

sintering; and (e) case shown in Fig.

4. Concluding remarks

The DFEM can be used

constrained multi-layered films during sintering. Because the

12(b) assuming viscous sintering.

reduced method only requires the densification data, instead of
the full constitutive law, it can be conveniently used in a proof
of concept analysis when designing sophisticated multi-layered
systems, oxide fuel cells for example. The error estimators pro-

to predict the shape evolution of
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posed in this paper make it possible to determine if a DFEM
analysis is valid in comparison with a finite element analysis
using a full constitutive law after the analysis without know-
ing the constitutive law. As a note of caution, it is important to
point out that the constrained layers may behave anisotropically
during sintering and that anisotropy is not included in the cur-
rent DFEM formulation. It is possible to include the anisotropic
behaviour by replacing éexp in Eq. (2) with a set of anisotropic
rates which is a work undergoing.
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